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If R is any (noncommutative, von Neumann) regular ring with 2 invertible, then K1 
of the free (noncommuting) R-algebra on a set X is canonically isomorphic to Kr(R). If 
R is unit-regular, then Kr (R) is just the abelianization of the group of units of R. Some 
examples are computed. 
Introduction 
All rings are associative, not necessarily commutative, have 1 and are usually de- 
noted R. The notations E(n,R), GL(n,R), E(R), and GL(R) are as employed in [ 131. 
R* denotes the group of units of R; M,R will denote the ring of n X n matrices 
over R. [G,G] will denote the commutator subgroup of a group G. 
A ring is regular if for all a in R, there exists b such that aba = a. We re-emphasize 
that we are dealing with VOW Neumann regularity, not regularity in the hlomological 
sense. 
The functor Kl : Rings + Abelian groups is defined by KI(R) = GL(R)/E(R). 
The standard results and properties may be found in e.g. [ 13,11, l] . 
If r belongs to R, then rr (@) denotes the right (left) annihilator of r ia R. 
1. &(RX) * K,(R) and related results 
Let X be a set and Rx the free (noncommuting) R-algebra on X; that is, R is the 
collection of polynomials in (noncommuting) elements of X with coefficients from 
R, where the elements of X commute with members of R. A word is a monomial in 
elements of X. If w = ~~%~(2) . . . xr@) is a word, the length of w, len(w), is de- 
fined to be Zr& m(i). Iffbelongs to RX, the support offis the (finite) collection 
of words that have nonzero coefficients in j’. 
To prove K&RX) z KI(R) if R is regular and 2 is invertible in R, we :require a
number of lemmas describing the behaviour of nilpotents and :idempotents. If 
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P = 0, then 1 + r is a unit; if e2 = e, then 1 + ne (n an integer) is a unit precisely 
when n + 1 is invertible. 
Lemma 1.1. Suppose 2 is invertible in a ring R, and there exist e,r in R satisfying: 
r2 = 0, e2 = e, and r E Re C r! Then 1 + r is a commutator in R*. 
Proof. We have re = r, 0. (e + = e r, so + r idempotent, and 
te)(l tr)= +e+r.But 
(1 +e+r)(l tr)= i-e; 
as(1 +r)-l=(l -r), we have 
1 +r=(l +e)-‘(l+e+r)=(l+r)-l(l+e+r)-l(l+r)(l+e+r), 
so 1 + r is a commutator. Cl 
The following lemma works for all regular ings, and amounts to a nice decompo- 
sition of an arbitrary nilpotent into a sum of square zero nilpotents. 
Lemma 1.2. Suppose the ring R satisfies: 
For all positive integers n, for all r in R with F = 0, there exists an idempoten t e 
inRsuch thatr’l-kReCr? 
Then for r with rn = 0, there exist {ai];:: ’ in R satisfying: 
1. IS+= r. 
2. aiaj = 0 if i .G j. 
3. 1 +r=(l +q)(l +a2) . . . (1 +an_1). 
4. ai E riR. 
5. rF-- iai = 0. 
Proof. If r2 = 0, set al = r. Otherwise, we work by induction. We first note that 1,2 
together imply 3, and 4 implies 5; thus only 1,2,4 need be verified. 
Suppose rn = 0. There exists e = e2 in R such that rn-le = m-l, and er = 0. Now 
(r _ re)H- 1 = f-H-1 _ y/l-1 e = 0 (use er = 0 repeatedly), and (r - re)n-2 = rne2( 1 -e). 
By induction, there exist {fi}r=jl such that $=j’ai = r - re, aiaj = 0 if 2 < i G j < 
n - 1, and ai E (r (1 - e))lR = (ri( 1 - e))R. Set aI = re E rR. As (r (1 - e))’ = ri( 1 - e), 
wehaveayai=Oifi~2,andaf= rere = 0. Thus 2 is verified and 1 and 4 are obvious. Cl 
We require the following strong version of Lemma 1.2, which fortunately requires 
no more work. 
Corollary 1.3. Suppose an element r of a ring R satisfies: 
0 a rif = 0, 
(b) there exist idempotents ei, i = 0,1, . . . . n - 2, such that ifri are defined in- ‘ 
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ductively by ro = r, ri = ri_ I( 1 - ei) then 
*‘z-i+1 Ekei c + . 
i 
Then there exist (ai)F!;i’ in R such that 
1. Il;ai=r. 
2.aiai=Oifi<j. 
3. 1+r=(1+al)(l+a2)...(1+an_1). 
4. ai E riR. 
5. $-‘ai = 0. 
Proof. Follow verbatim the proof of Lemma 1.2; the induction still works! 0 
The notation ( ) is used to mean ‘group generated by’. 
Corollary 1.4. Let R be a regular nizg with 2 invertible. For all n greater than 1, we 
have: 
E(n,R)CU+rIr2=0,rEMfiR)=(ltr~rm= 0 some m, rEM,R) C [GL(r2,R),GL(rz,R)] S
Proof. Denote the middle two groups by iV2 and Iv respectively. Obviously E(n,R), 
generated by transvections, i  contained in IV*, which is contained in N. By Lemma 
1.2, N is contained in IV*, so N = A5, and by Lemma 1.1, A5 is contained in the 
commutator group of GL(n,R). Cl 
Corollary 1.5. Let R be a regular ring with 2 invertible. Suppose an element r satis- 
f res rn = 0. Then 
(a) There exist idempotents {ei>fL\-* such that 
1 + r =lT(l + ei)E(i) where e(i) is either 1 or -- 1 . 
(b) 1 + r is a product of n - 1 commutators in R*. 
Proof. Obviously a regular ing satisfies the hypotheses of Lemma 1.2, so 1 + r = 
Ii(l + ai) where af = 0. By Lemma 1.1, each 1 + ai is a commutator so (b, holds; as 
in the proof of 1.1, each 1 + ai is a product (1-t fl(l + e)- 1 where e and fare 
idempotents, and (a) is an immediate consequence. Cl
We now do some K-theory. The following proposition is a multivariate ada?ta- 
tion of [ 13; Theorem 16.1, p. 2241. It also works with the elements of X allowed 
to commute. 
An element fin RX is said to be a homogeneous polynomial of degree n if all the 
words in the support off have the same length, n. 
Throughout his paper, we make use of the canonical identification of (MnR)X 
with M,(RX), and simply write it as M,RX. 
108 D. Handelman / K1 of noncommutative von Neumann regular rings 
Proposition 1.6. Let R be any ring, X a set. 7he maps 
b 
RnRX---+R 
where a is inclusion and b sends every element of X to 0 induce an isomorphism 
K&RX) z K&R) @ V where V is the subgroup of K&RX) generated by elements 
of the form 1 + f with f a nilpotent homogeneous polynomial of degree 1 in M,RX 
for some n. 
Roof. The proof consists of several stages. 
Since ba = identity, the induced maps 
J%a) &(b) 
K#) - K1(RX) -&(R) 
split, and the 1 + f of the statement goes to 1 under Kl(b). It suffices to show that 
any unit in GL(RX) is equivalent to A( 1 f fl for some A in CL(R), and some f of 
the indicated form, modulo E(RX). Choose B in GL(n,RX). Write B = B. + f’ where 
B, is the constant erm of B. B. is readily seen to be a unit, so B = Bo( 1+ B$f). 
Thus we have the problem of showing that if fi is polynomial with zero constant 
coefficient in M,RX and 1 + fi is invertible, then modulo elementary transforma- 
tions, it is equivalent to a homogeneous polynomial of degree 1 in M,RX for some 
m greater than n. 
Let w be a word of maximal length, len(w), in the support of fi and say len(w) 
is greater than 1. We perform some elementary transformations on 1 + fi so it as- 
sumes the form 1 + g where g in M2,RX has 0 constant coefficient, w doe% not be- 
long to the support of g, g has no words of length greater than len(w) in its support, 
and if W’ is any word of length len(w) in the support of g, w’ is also in the support 
of fi. Repeated applications of this process eventually reduce to 1 + f, where f is 
homogeneous of degree 1. 
Write w = way (j belongs to X’). Let I denote the n X p;1 identity matrix. If C be- 
longs to M,RX, 
Since I + I’, (which we had previously written as 1 + fi) is invertible, C may be 
chosen so that (1 + fi)C = fWwo, where fw is the coefficient of w in fi . Then we 
have 
1 wf, fWW() 0 I ] [I,, ;I_ [/:‘y:lf”w fp] 
I 0 = 1 I[ + f1-fww fwwo -.o I -YI 1 0 l 
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If 
g= 
[ 
fl -fwwo fwwo 
-Yl 1 0 ’ 
g satisfies the properties claimed for it above (since both len(wo), len(jQ are strictly 
less than len(w)). Thus 1 + f’ is equivalent to 1 + fwhere fis homogeneous of degree 
1. 
It remains to show that if 1 + fis a unit and f homogeneous then f is nilpotent, 
for fin SX where S is any ring. We do this by constructing the power series ring 
S[ [Xl], which exists regardless of the noncommutativity of either S or X. S[ [Xl] 
is defined to be collection of formal sums 
. c 
WEA-2 
sww 
where a is the collection of distinct words on X, with pointwise addition and 
multiplication defined by 
(c,3 (c,,)= wga wwgw* ywsw’wo l 
(This is readily checked to work, as for any word wu, there are only finitely many 
pairs (w,w’) such that ww’ = wo.) 
We observe that iffis any polynomial (with zero constant coefficient) in SX, 
thenl-f+f2-f3+...belongstoS[[q].A ssume f is homogeneous of degree 
n greater than 0, and 1 + f is a unit in SX. Let m denote the degree of (I + f)- ’ 
(that is the maximum of the lengths of words in the support of (1 + f)-‘). In 
wm 
(1) (1 g-1 = 1-ftf2-f3+p-.... 
Since f is homogeneous, the words in the support offk all have length kn; in parti- 
cular, the support of fk is disjoint from the support offi ifi # k, so there can be 
no cancellation of words in the sum on the right of (1). However the wolrds in _ 
f”” all have length (m + l)n, which is greater than m, so we will obtain a contra- 
diction unless fm+’ =0. 0 
The following result requires the elements of X to be noncommuting tit is not 
true otherwise). 
Lemma 1.7. Let S be a regular ring, and f a homogeneous nilpotent polyrromial of 
degree m, greater than 0 in SX. Then there exists e = e2 in S such that 
fn-‘ ESXe C fQ where f’Z = 0. 
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Proof. The elements Qf X are noncommuting. Given a word of length 2k there is 
exactly one way cl writing it as a product of two words of length k. Since fn = 0, 
any product ofn of the coefficients of the words in the suppcsrt off’(with repeti- 
tions allol:fed) is zero, so these coefficients generate a nilpoknt Z-algebra, IV, with 
NN = (;I). The coefficients off”-’ generate fVn-’ (even as an abelian group); as S 
is regular and AIn-’ is finitely generated, there exists an idempotent e in S such that 
SNn-l = Se, so that 
f”-’ ES%? =sxM+l. 
Now Nn-. ‘f= 0, so that ej’= 0, and thus e is the desired idempotent. 0
Lemm;~ 1.8. Let S,f be as in Lemma 1.7. ,712en there exist (ai]:=‘; 1 in SX such thQt 
1. CQi= f: 
2. QiQj = 0 if i <j. 
3. I +f= (I+ Q,)(ImbQz) . ..(I +Qn_l). 
4. Qi E fibSAT. 
Further, each I + Qi is a commutNor in (SX)*, if 2 i.? invertible in S. 
Proof. Let e. be the e of the proof of 1.7. Then Ii = Al- eo) is also homogeneous 
(as e belongs to S), and as in the proofs of Lemmas 1.2 and 1.3, it is nilpotent of 
index n - I.. Inductively, f satisfies the hypotheses of 1.3, so we obtain the {ai) 
satisfying 1,2,3,4. Each Qi is homogeneous (a 1 = fee, and use induction), so by 
Lemmas 1.7 and 1.1 9 1 + Qi is a commutator. 0
Theorem 1.9, Let R be a von Neumann regular ring with 2 invertible, X any set and 
RX the free (noncommutingj R-algebra on X. alien the inclusion map R + RX in- 
duces an isomophism 
&(R) = &(RX). 
Proof. M’R is regular for all rz. By Proposition 1.6, it suffices to show that if f is a 
homogeneous nilpotent polynomial of degree 1 in M,RX, then it is a product of 
commutators in GL(n,R) for any n. But this is the gist of the preceding lemma. 0 
Theorem 1.10. Let R be Q regular ring with 2 invertible, and let RZ denote the gm.q 
ring of 2 over R. Then 
K,(RZ) = KI(R) @ K&R) canonically. 
Proof. RZ = R [X,X- l], so by [ 13; Theorem 16.4, p. 2241, we need only show that 
if N is a nilpotent matrix in MnR, then both 1 t (x - 1)/V and 1 f (x-l - l)N lie in 
the commutator subgroup of GL(n,H [X,X-~]>. MnR is regular, so it obeys the con- 
. 
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ditions of Lemma 1.2, and thus there exist {ai> with N = Cai and aiaj = 0 if i G j, 
where the ai are all in M,R. Obvious17 i + (X - 1) = (1 + (X - l)al) . . . (1 + (X- l)a,). 
Now x - 1 does not annihilate anything in MnR [x,x-l], so 
((X - I)ai)" = a; = (the left annihilator of ai in MnR) [x,x-’ ] 
= eiM,R [x,x-‘] for some ei = e’ in M,JE. 
By Lemma 1.1, 1 + (X - l)ai is a commutator, and thus 1 + (x - 1)N belongs to the 
commutator subgroup; similarly with 1 f (x-l - l)Iv’. El 
Unfortunately, the techniques employed here do not yield anything if applied to 
the case where the elements of X are allowed to commute, for in this case Lemma 
1.7 is not true. A diagram chase gives us a monomorphism (induced ironically by the 
obvious surjection) K&RX) + K1(RXC,,m). 
No such problems arise when R is commutative (or more generally, strongly 
regular). K1(FXComm.) = K&F) canonically for F a field or division ring ‘(see [ 13; 
Corollary 16.3, p. 2241, where ‘regular’ is used in the homological sense), and then 
Pierce’s heaf decomposition may be used as in [ lo]. 
Returning to the noncommutative (for both I? and x) case, an analogous pro- 
cedure yields the corresponding result for relative K,. 
Theorem 1.11. If J is a two-sided ideal of the regular ring R, and 2 is invertible in R, 
the map RX + RX/JX induces isomorphisms: 
K1(RX,JX) = K&R.J) 
K, ((RLOX) = K, (R/J) ’ 
Any regular ing splits into a product of two rings, RI X R,, where 2 is invertible 
in R r and 2 = 0 in R,. If there exists x in the centre with x-l, (x + 1)’ in R,, as in 
Lemma 1 .l , we obtain for r * = 0,l t r is the commutator of (1 + x-lr)-I and - 
(1 + xe + r)- l. We thus obtain: 
Corollary 1.12. If R is a resrlar ring and the centre of 2Q contains an element x with 
x, 1 + x invertible, then K l(RX) % K, (R). 
2. If R is unit-regular, K,(R) = R*/ [R*,R*] 
A ring R is unit-regular [3], if for all a in R there exists a unit, u, in R* such that 
aua = a. Examples include commutative regular ings, and continuous rings. We show 
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that for unit-regular R, K, (41) is just the abelianization of R*. This includes the re- 
sults of Roberts [ 12] on commutative r gular ings, and in effect of DieudonntS [2] 
on division rings. 
Proposition 2.1. Let R be regular. The following are equivalent: 
(a) R is unit-regular. 
(b) If R is Morita equivalent to S, S is unit-regular ([9; Corollary 7] ). 
(c) If A&Q are finitely generated projective right R-modules and A @ P z A @ Q, 
then P”Q([8]). 
(d) IfaR + bR = R for a, b in R, there exists s in R such that a + bs is a unit 
(f9; Proposition S]). 
Recall that a ring R has n-stable range (e.g. [ 13; p. 1991) if for any collection of 
k elements with k greater than n, al, . . . . ak satisfying CaiR = R, there exist b,, . . . bk_1 
in R with 
k-l 
c< 
i-l 
ai + akbi)R = R. 
In particular condition (d) of 2. f is equivalent to l-stable range. 
Proposition 2.2. Let R be a regular ring Khe folio wing are equivalent: 
(i) R is unit-reguhx 
(ii) R has l-stable range. 
(iii) R has n-s tabk range for all integers n. 
(iv) R has n-stable range for some integer n. 
Proof. (i) _ (ii) is just (a) * (d) of the preceding proposition. (ii) * (iii) is true in 
general (e.g. [ 14; Theorem 11). (iv) * (i): By [ 14; Theorem 33, MznR has l-stable 
range, hence by (ii) =$ (i), M2nR is unit-regular, whence by 2.1(b), R is unit-regular. 0 
Lemma 2.3. Let R be a ,+ng such that every ring Morita equivalent to R has l-stable 
range. Then for an-p ring S Morita equivalent to R, we have 
R*/ [R*,R*] z S*/ [S*,S*] canonically. 
Proof. First, the special case S = M,R. By [ 13; Theorem 13.1, (2,3), p. 2001, for all 
E greater than 1, E(n.R) is normal in GL(n,R) and GL(n,R)/E(n,R) is abelian. Since 
E(n,R) is always cont3ned in [GL(n,R),GL(n,R)], this implies that E(n,R) = 
[GYn,R), GL(n,R)] .
There is a canonical map R*/ [R*,R*] -% S*/ [S*,S*] 
Ur-,UL . [ 1 . ’ 1 
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We construct an inverse, 6. Choose a unit Ain M,R. Let (al,a2, . . . a,,) be the first 
row of& it is unimodular, so by [13; Lemma 13.6, p. ZOO], there exists P in E(n,R) 
such that (~1, a2, . . . a,)P = ( 1 ,O, . . . 0). An easy alteration of the proof of the same 
lemma shows there exists Q in E(n,R) with first row (1 0 . . . 0) such that 
1 
I 9 
0 . . . 0 
Q/P= * 0 1 . 
Induction yields Q’,P’ in E(n,R) such that Q’AP’ is diagonal with say Ui (in R*) in 
the (i, i) position. Now 
[ 1’ I,] s [ ‘i”2 y ]modulo EC&R), 
so inductively, 
up2 24, 1 
Q’AP’ = 
. . 
. 
1 1 modulo E(n,R) . 
Since E(n,R) = GL(n,R), the map S*/[S*,S*] -+ R*/ [R*,R*] defined by assigning to 
A, up2 . . . u, is well-defined, and this is how b is obtained. Clearly ba = identity, 
and as ha(A) E A modulo E(n,Rj, ba = identity. 
Now the general case. It suffices to prove it for S = eRe, where e = e2 in R satis- 
fies ReR = R. There exists an integer n such that R may be naturally embedded as a 
principal right ideal of M,(eRe). For any ring T, let A(T) = T*/ [ T*, T*]. We have 
maps 
%P 
A(eRe) 2 A(R) -k A(M,(eRe)) - A(M,Rl 
where cy is induced by 
ere * ere + 1 - e , 
and p is similarly obtained. By the special case, both pa! and (M,,(Y)~ are isomorphisms. 
The first isomorphism yields p is onto, the second, that /3 is 1 : 1. Thus p is an isomor- 
phism, and so is cy. 123 
Theorem 2.4. Let R be unit-regular. l%en 
(a) &(R) zR*l[R*,R*l, 
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(b) if 2 is iwertible in R, for all /I greater than 1, 
(1 ~r(r2=0,rEM,,R)=(1+rIrtn=Oforsomem,rEM,,R) 
= E(n,R) = [GL(n,R), GL(n,R)] . 
Proof. By 2.1(b) and 2.2(ii), R satisfies the condition of the preceding lemma, so as 
is shown in the proof above, F(n,R) = [GL(n,R),GL(n,R)]; by 1.4, (b) is proved. 
Now each E(Fz,R) is normal in GL(n, R) (for n > 2), so K,(R) is a direct limit of the 
groups (abelian) GL(n,R)/E(n,R) with maps A + [A 11. But by the preceding 
lemmas, these maps induce isomorphisms 
(M,,R)*/[(M,R)*,(M,R)*] = GL(n,R)/E(n,R)s GL(n + l,R)/E(n+l,R) . 
ThUS Ki (R) E GL(2,R)/E(2,R), so again by the previous lemma, ICI(R) = R*/[R*,R*]. 
0 
Corollary 2.5. Ij’J is a two-sided ideal of the unit-regular ring R, then the canonical map 
R -+ R/J induces a surjection 
Proof. As R is unit-regular, R/J is also, so KI(R/J) is just the abelianization of (R/J)*. 
We first show that R* + (R/J)* is onto. Let u + J be a unit of R/k there exists a in J 
and u in R such that IIU + a = 1, so uR + aR = R. By 2.1(d), there exists s in R such 
that tl + as is a unit. Obviously, the image of u + as in R/J is u + J, so the map of 
units is onto. If G and H are any groups and there is an onto map from G to H, an 
easy exercise reveals the induced map of the abelianizations i  also onto. Cl 
A reasonable guess is that, if J is an ideal of a unit-regular ring R, then K, (R,J) is 
isomorphic to the abelianization of the kernel of the map R* + (R/J)*. 
Of course if R is any regular ing, the induced map Ko(R) + Ko(R/J) is always 
onto. 
3. 
In this section, we compute K, of a few unit-regular rings, and obtain a bizarre 
result on central simple division algebras. 
For any Ki, there is a natural identification of Ki(R) with X@,,R). Much of 
what follows depends on the following trivial lemma. 
Lemma 3.1. Let R be a riilg. The diagonal map R + M?, R 
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Ijlduces multiplication by n on K&R) + K,(R) for i = 0, I . 
Roof. For i = 0, the result is obvious. For i = 1, we identify W(R) with CL(MJ?) 
and observe that module E(R), 
[t (j$t l][t :_,I=[:* ,“3, andthus 
As K,(R) is a multiplicative group, the action of 2 on it is exponentiation. Cl 
The standard class of examples of simple unit-regular rings is direct limits of ma- 
trix rings over a fixed field. Let FP- denote the direct limit over the diagonal maps 
M ,,F-* M tI+l F (F may be any ring) and F, the limit over the diagonal maps 
4F +MiF whenever n divides ~11. It is interesting to compute K, (F,) or k1 (I;,-) 
in terms of K, F. 
If n is a nonzero integer, we may obtain the ring II-’ 3, by inverting II. The appli- 
cation of the localization functor Qt4 : Mod 2 --+ Mod/r- ‘2 defined by 
Q,,(A) = lim Hom(#’ &A) 
ttl-*- 
can alternatly be described as factoring out the rt-torsion elements of A to obtain a 
module A’ with no N-torsion elements, and forming UN -nlA’. 
Lemma 3.2.1,f rr is an integer and A a Z-module, the direct limit, B, of the diugrarn 
A-+A+A=+..~ (maps are multiplication by n) 
Proof. If a in A is rr-torsion (there exists ~2 such that n’“a = C), its image in B is zero. 
So we may assume A is already n-torsron-free. Thus we mJy form the abelian group 
II- IN A for any nz 2 1. Let Ci : A + neiA denote the map that is division by /zi. Each 
ci is obviously one to one and onto, and the diagram 
116 D. Handelman / K1 of noncommutative von Neumann regular rings 
(multiplication by n) 
(inclusion) 
commutes. Hence, B 3 Ur?A = Q,(A). Cl 
Let Q denote the functorthat localizes at 0; that is Q(A) is the injective (divis- 
ible) hull of A/t(A) (t(A) is the torsion subgroup of A), hence is a rational vector 
space. 
Corollary 3.3. If R is any ring, then 
(a) Ki(Rnm) z QncK,CR)) 
(b) K(R,) z Q(Ki(R)) 
ifi=Oor 1. 
Proof. (a) is clear from 3.1 and 3.2, and (b) follows from the obvious alteration of 
3.2.0 
Thus if R = FW_ll -, where F is the p-element field, then K I (R) = Qp _ I(K1(F)). 
But K1(F) = F*, the cyclic (p - l)group, so is (p - Qtorsion, whence K1(R) = (0). 
As R is a direct limit of unit-regular rings, R is unit-regular, and thus we obtain 
R* = [R”,R”]. 
If instead F = R (the real numbers), we obtain 
K 1 (R_) = $(RZ”) = the multiplicative group of the positive reals. 
If F is algebraically closed (so that F* is divisible), KI(F,) is just F* modulo its 
roots of unity. 
The following strange-appearing result is reminiscent of results in [ 151, which 
were brought o my attention by Ian Connell. 
Corollary 3.4. lf D is a division algebra n-dimensional over its centre F, thera 
Qn(D*I [D*B*]) % QnCF*) l 
Proof. By [6; Theorem 11, Dnoo 2 F,p as rings, SO K1(Dn-) -“Kl[F,,-). NOW 
K, (Dnm) = Qn(Kl(D)) 3r’ Qn(D*I [D*,D*]), and KI(Fnm) ‘V Qn(p")* •I
A class of unit-regular rings are studied in [4]. For a field F we C&J take a direct 
limit of finite-dimensional semisimple algebras of the .form 7rMn(i~F~ If F is algebra- 
ically closed of course, every finite dimensional semisimple algebra is of this form. 
We obtain the following formula for K, of direct limits of such rings. 
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Proposition 3.5. If F is an algebraically closed field and R an F-algebra !hai is locally 
semisimp!e artinian (as an algebra), then 
K, (R) = Ko(R)Bz F* s 
Roof. R is a direct limit of its finitely generated subalgebras, sois a limit of finite 
dimensional semisimple algebras, i.e. of rings of the form nM,(ilF. Now 
Now with R and F as in the preceding result, Ko(R) is just a direct limit of. tor- 
sion-free abelian groups, so is itself torsion-free, and F* is a divisible group, hence 
as an abelian group is isomorphic to a rational vector space direct sum with the 
group of roots of unity. 
4. Questions 
1. Does there exist a regular ing R (say with 2-l) such that 
E(2,R) + [GL(2,R), GL(2,R)] ? 
2. If R is regular, show K1(RXCOmm) Z+ KI(R). 
3. For R unit-regular, and J a two-sided ideal of R, is it true that K,(R,J) is the 
abelianization of kernel (R* + (R/J)*)? 
4. The ring F, (F a field) has a unique rmk function (see for example [7] for refer- 
ences). What does K, of the completion of F= in its rank-metric, F_, look like? 
Conjecture: K@,) is the multiplicative group of the positive reals. 
5. For any F-algebra R, there is always a natural map 
When is this an isomorphism? A monomorphism? A surjection? 
6. Does the diagonal map R + M,R induce multiplication by II on K#) -+ K$R) 
(after identifying K2(M,R) with K2(R))? 
Does this work for higher Ki? (cf. Lemma 3.1) 
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Added in Proof. 
(1) George Bergman has observed that the requirements hat 2 be invertible and 
R be regular in Theorem 1.9, may be weakened to R left semihereditary. For, in a 
left semihereditary ing R, for all finite sets {ri} in M,R, there exists e = e2 in MPIR 
such that {r$ = (M,R)e. Then Lemma 1.1 may be suitably adapted: 
ifrER,r2=0,andrEReCrQforsomeev2inR,then Hrisa 
commutator in GL(R) . 
(Consider ar = 1 + r as a map 2R + 2R via 
&j, r2) = (‘1 + r, ‘2) . 
Then cy is an elementary matrix in M2R.) 
Appropriately modified 1.2, 1.3, 1 S, 1.6, I .7 all go through, and thus Theorem 1.9 
works in this more general setting. 
(2) Professor Bass has pointed out that implicit in the proof of Corollary 5.5, p. 
647 (bottom paragraph) of [ 11, is the fact that if K1(R [xl) = K&R), then 
K@Y) z&(R), for any set X, for any ring R. Thus 1.6 may be omitted. 
(3) With regards to question 5, there are results in [ 1; pp. 437-4441. Further 
results and references are given in K-Theory of some reducible curves (Queer+ 
University Mathematical Preprints No. 1975-30) by Leslie Roberts. 
